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Abstract. Not only the Dirac operator, but also the spinor bundle of a pseudo-Riemannian manifold depends 
on the underlying metric. This leads to technical difficulties in the study of problems where many metrics are 
involved, for instance in variational theory. We construct a natural finite dimensional bundle, from which all 
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some applications to Einstein-Dirac-Maxwell theory as a variational theory and show how to coherently define 
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1. Introduction 


Spinor bundles are an important tool in differential geometry as well as in mathematical physics, where they 
model fermionic particles. As evident from their construction, spinor bundles depend on the underlying metric. 
This makes it difficult to compare spinor fields in spinor bundles formed with respect to different metrics. The 
same problem occurs if one wants to compare the Dirac operators, since their domains of definition are not the 
same. A way out of this dilemma is provided by systematically constructing identification isomorphisms, see 
[BG92; BGM05]. Although using these identification isomorphisms is sufficient for many applications, one might 
wonder if and how it is possible to define a natural finite dimensional bundle that is independent of the metric, 
but nevertheless captures the features of the spinor bundles formed with respect to all the various metrics. 

In the present article, we propose the following answer to this question: Let (M, 0) be a smooth spin manifold of 

dimension m and 0 : GL M —► GL + M be a topological spin structure on M. Let tm : TM —► M be the tangent 
bundle of m and for any r + s = m, let Tr r,s : S r>s M —> M be the subbundle of 0 : T*M 0 T*M —> M, 

which over each point x £ M consists of all non-degenerate symmetric bilinear forms g x on T X M of signature 
( 7 ', s ). Here, r denotes the dimension of a maximal positive definite subspace and s of a maximal negative 
definite subspace. We define S rtS (M) := r(7T r,s ) to be the space of all metrics on M of signature (r, s). For any 
metric g £ S r s (M), we obtain a metric spinor bundle 

7 t 9 m : E 9 M := Spin 9 M x p E rjS ->• M, (1.1) 

where p := p r ^ s '■ Spin r s —» GL(E riS ) is a complex spinor representation, 0 9 : Spin 9 M —► SO 9 M is a metric 
spin structure and Spin r s C GL m is the spin group. 

Main Theorem 1 (universal spinor bundle, cf. Theorem 2.25). There exists a finite dimensional vector 
bundle 7Tg M : EM —> J 1 7r r,s such that for each metric g £ S r , s (M), there exists l g such that 


E 9 M - - ->■ EM 

1 

A 

iHp) 


n SM 


M- 


-5- J 1 TT r ’ S 


( 1 . 2 ) 


commutes. Here, J 1 7r r,s denotes the first jet bundle of n r ’ s . Moreover, Tt'g M carries a connection, a metric and 
a Clifford multiplication such that l g is a morphism of (generalized) Dirac bundles (see Definition 2.27). In 
addition, 7r^ M is natural with respect to spin diffeomorphisms. 0 


The claims of the last assertions mean that not only the vector bundle structure of any metric spinor bundle 
7 t 9 m can be recovered from 7 fg M , but also its spinorial connection, its metric and its Clifford multiplication, see 
Theorem 2.25 for the precise meaning and a proof. We would like to emphasize that the morphism j 1 (g) in 
(1.2) is the 1-jet of the metric g and that the naturality assertion is formulated with respect to diffeomorphisms 
and not just isometries, see Section 2.6 for details. 
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The rest of this paper is organized as follows: In Section 2.1, we construct a preliminary version '■ SM —► 

S rjS M of 7T£ M without using the theory of jet spaces and in Section 2.2, we show that this almost does the 
job, see Lemma 2.15. In Section 2.3, we introduce some basic notions about jet spaces, which will then be 
applied in Section 2.4 to obtain the bundle 7fg M from Main Theorem 1, see Theorem 2.21. We will then show 
in Section 2.5 that the additional structures constructed in Section 2.2 descend to the jet bundle and give a 
proof of Theorem 2.25, which directly implies (1.2). In Section 2.6 we give the claim that the universal spinor 
bundle is natural a precise category theoretic meaning and a proof, see Theorem 2.32. We also show that there 
is no way to define a spinor bundle like (1.1) that is natural under spin diffeomorphisms, see Theorem 2.35. 

In Section 3, we draw the following conclusions from that. 

Main Theorem 2 (Universal Dirac operator and Einstein-Dirac-Maxwell equation). 

(i) There exists a first-order differential operator on the universal spinor bundle, which is natural under 
spin diffeomorphisms and corresponds to the usual Dirac operator under compositions with the jet of the 
metric (and analogously for the Einstein-Dirac-Maxwell-equation, see Theorem 2.36 resp. Theorem 3.4 
for details.) 

(ii) In the compact Riemannian case, the solutions of the Einstein-Dirac-Maxwell equation can be expressed 
as critical points of a functional whose Lagrangian density factors through the second jet space of a natural 
finite dimensional fibre bundle, see Theorem 3.11 for details. 

(iii) In the Lorentzian case, there exists a maximal Cauchy development for the Einstein-Dirac equation, see 
Theorem 3.23. 


0 


Since the space of sections of a finite dimensional bundle has a nice topology, this makes the equations accessible 
to techniques like the Palais-Smale condition and Morse theory. As the whole construction is natural in the 
category of spin manifolds with topological spin structures and spin diffeomorphisms, we obtain a spin-topological 
field theory, i.e. a well-defined action of the group of spin diffeomorphisms on the solution space, whose moduli 
space could be further examined. 

The problem how to deal with the technical issues resulting from the fact that the spinor bundle depends on the 
metric has been approached in various ways. In the Riemannian case, our construction in Definition 2.3 below 
agrees with the classical construction in [BG92]; in fact our construction is inspired by this very article. Its main 
ingredient is the partially defined vertical connection, see Definition 2.10, which is already enough to construct 
identification isomorphisms figj, : E 9 M —» YfiM, see Definition 3.5. In the Riemannian case and in its non-jetted 
version, the universal spinor bundle 7Tg M has recently become of particular importance in a study of the spinorial 
energy functional, c.f. [AWW12; AWW14]. One can also construct the identification isomorphisms without 
the partial connection, see [Mai97], and show that these give the union L 2 (EM) := II gg s u (m) L 2 (T, g M) the 
structure of a Hilbert bundle over the Riemannian metrics, see [Nowl5, Chapter 4]. But since the base and 
the fiber of that bundle are both infinite dimensional, the space of sections of this bundle does not have a 
canonical Frechet space topology, which makes it difficult to do calculus in this space. This becomes much 
easier in the space of sections of 7r s from (2.3) respectively 7f s from (2.25). Another conceptually different 
approach described in [BGM05] rests on generalized cylinders, which reduce the problem of finding identification 
isomorphisms between the spinor bundles to the problem of finding a natural path connecting the two metrics, 
which unfortunately is not always possible (see [BGM05, Sect. 9] for a detailed discussion of the Lorentz case). In 
particular in case of spacetimes one can also use a trivial bundle as a spinor bundle and recover the metric from 
the operator, see [Fin98]. However, to study the initial value problem of the Einstein-Dirac-Maxwell equation, 
we need a stronger notion of naturality of the situation. We will discuss this problem in Section 3. 

Acknowledgements. The authors would like to thank Bernd Ammann and Felix Finster for interesting 
discussions and suggestions. 
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Universal Spinor Bundles and the Einstein-Dirac-Maxwell Equation 


2. A UNIVERSAL SPINOR BUNDLE 


In this section, we review the classical approach by Bourguignon and Gauduchon in [BG92]. We reformulate 
and slightly generalize their results to metrics of arbitrary signature and show that the resulting vector bundle 
already carries a lot of additional structure. 


2.1. Construction of the bundle 


It turns out that the construction of the universal spinor bundle is easier, if we first consider the case of a real 
vector space. So, let V be an oriented real m-dimensional vector space, S r s V be the space of inner products 
of signature (r, s ) and GL + V be the oriented bases on V. We denote the action a of a matrix A £ GL+ on a 
basis b £ GL + V by a(b, A) := b.A := b ', where b) = A’-bi. We recall that for any metric g £ S riS V, there exists 
a positive pseudo-orthonormal basis b , i.e. a 6 £ GL + V satisfying g(bi, bj) = dij£i, 1 < i, j < to, where e, = +1 
for 1 < i < r and e, = — 1 for r + 1 < i < to. Conversely, any positive basis b of V determines a metric g/, 
by declaring b to be a pseudo-orthonormal basis, i.e. by setting gb(bi,bj) := < 5ij£i- If b' = b.A for some matrix 
A £ GL+, then gt, = gv if and only if A £ SO r>s . In the language of bundle theory, this fact can be rephrased 
as follows. 

Lemma 2.1. There is a commutative diagram 


GL+ V G V 

i ^ " * ( 2 . 1 ) 

/ 

4 - / 

GL + U/SO r , s , 


where, k v ( b) := gb and q is the canonical quotient map. Moreover, q and rA are smooth principal SO riS -bundles 
and p is a diffeomorphism. In the Riemannian case, this bundle is globally trivial. 0 

Remark 2.2. Let if r , s : Spin rs —>■ SO r>s be the non-trivial 2 : 1-cover and 6 : GL V -A GL + V be the 
universal cover of GL + V. Then we can extend (2.1) to 


GL + U 


A GL+ V 


A S r .„ V 


GL V/ Spin r s ———> GL+ V/ SO rjS . 


We set k v := k v o 9. 


0 


Diagram (2.1) easily extends to spin manifolds as follows: Let {p r , s ■ Spin rs -a GL(E r s )} rjSg ^ be a fixed choice 
of Spin r s -representations. The construction of hA and k v induces bundle maps 

k m : GL+ M -A S r , s M, k M : GL + M -A S r>s M, (2.2) 

by setting k m | gl+ m := k t * m and := k T * M for any x £ M. 

Definition 2.3 (universal spinor bundle). The map 

7Tg M : EM -A S r s M 

lb, a] ha ft"(6), 

where EM := GL M x Pr g E r , s is called universal spinor (vector) bundle. We obtain the following diagram 



(2.3) 


where 7r|) := Tr r ’ s ott^ m . The map tt^ is called universal spinor (fiber) bundle of M. Its sections are called 
universal spinor fields. (> 
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Remark 2.4 (universal spinor fields and spinor fields). For any universal spinor field $ £ r(7r^), setting 
g := g$ := n^ M o$ g <S rjS (M) and ip := 99 $ := <f> £ r( 7 r^) yields a metric on M and an associated spinor field 
in r(TT^). Conversely, we can identify every spinor field p £ F( 7 T^ f ) with a universal spinor field $ := (g, p). 0 

Remark 2.5 (notation for space of sections). For any fiber bundle np : P —> M, we denote its space 
of sections by r( 7 Tp) instead of T(P), because we will deal frequently with doubly fibered bundles as in (2.3) 
where the projection will be important. We denote by Tp : TP —>• P the tangent space of the bundle and by 
Tp : T v P —» P its vertical subbundle. 0 


2.2. Existence of universal structures on the bundle 

We show that the principal SO^g-fiber bundle k v : GL + V —> S r>s V carries much more structure than just 
being a fiber bundle. 

Remark 2.6 (metric). Let I r ^ s £ R mxm be the diagonal matrix with r entries of +1 followed by s entries of 
— 1 and set I m := J mj o- For any matrix A £ R mxm , we set := I r , s A T I r , s , denote by (A,B) := tr(A^B) the 
metric on R mxm and define Sym r s := {A £ R mxm | = ^ 4 } an d Asym r s := {A £ R mxm | A t = —A}. Recall 

that the natural decomposition 


j^mxm 


Asym riS © Sym r s , 


(2.4) 


is orthogonal with respect to (_,_)• 


0 


In a bundle theoretic language, we even get the following. 

Lemma 2.7 (natural metric and connection). For any two bases b,b' £ GL + V, let T b (b') £ R mxm be 
the coordinate matrix defined by = T b (b') l jbi, 1 < j < m. For any X,Y £ T b GL + V, we set (X,Y) b := 
{dr b X , dr b Y). Then the (_,_)& assemble to a pseudo-Riemannian metric on GL + V such that SO r ^ acts by 
isometries. In particular, 

Vb £ GL+ V : T£ GL+ V := ker d b K V , T h GL+ V := (T b t? GL+ V)^, (2.5) 

defines an orthogonal decomposition such that T h GL + V is a connection on GL + V. This decomposition satisfies 
d b T b {T b GL + V) = Asym r)S , d b r b {T f GL + V) = Sym^, 

and thus corresponds to (2.4). 0 

An elementary calculation shows that this construction behaves nicely with respect to morphisms. 

Lemma 2.8. Let I : V —> W be an orientation-preserving isomorphism of oriented vector spaces. Then 

GL+ V -A GL+ W 

K V K W 

(/-i)* 

S r , s V — -S r , s W 

commutes and the top row is an SO rjS -equivariant isometric diffeomorphism. 

Definition 2.9. Let 0 l : GL V -£ GL + V be a universal cover. It follows 
pseudo-Riemannian manifold such that 0' is a local isometry. Therefore, we 
by taking the orthogonal complements again. In this manner, k v : GL V 
Spin r s -bundle with a pseudo-Riemannian metric and a connection 

TGL + V = T V GL + V © T h GL + V. (2.6) 

The connection T h GL V is called the Bourguignon-Gauduchon horizontal distribution. (> 


0 

automatically that GL V is a 
obtain a connection on GL V 
—> S riS V becomes a principal 


These constructions carried out on a vector space can be generalized to a spin manifold (A/, 0) as follows. 
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Universal Spinor Bundles and the Einstein-Dirac-Maxwell Equation 


Definition 2.10 (vertical connection). For any x £ M, we define 

T£ v GL + M := T v GL + (T X M), T£ h GL+ M := T h GL+(T X M), (2.7) 

and analogously for GL + M. The resulting decomposition T v GL+ M = T vv GL+ M © T vh GL+ M is called a 
vertical distribution on k m : GL + M —> S rjS M (and analogously on k m : GL M S r>a M). We denote by 

^ : r(Tg rsM ) X r(7T sm) —• y (2-8) 

the induced vertical connection , i.e. the connection induced on 7r^ M from (2.3) that is only defined for all 
directions in the vertical space Tg r M : T v S r)S M —> M. 0 

In the Riemannian case, this connection agrees with the original construction in [BG92], We now show that this 
bundle carries a lot more structure than just being a bundle with a partially defined connection. We denote by 
t m S := ( 7 r r,s )*(TM) —> S r , s M the pullback of the tangent bundle of M to S r)S M by 7r r,s . 

Definition 2.11 (universal metric and Clifford multiplication). We define 

T7(<M') : = gx{<t>,<!>'), (2-9) 

m(X* ® <f>) := X* • 0 := V <t>, (2.10) 

where £ EM| Sa ., X* = (g x ,V) £ (n r ’ s )*(TM), V £ T X M. The map rj is called universal spinorial 
metric and m is called universal Clifford multiplication on : EM —► S rv , M. (> 

One might wonder to what extent V, r) and m are compatible with each other. To see that, first recall how the 
analogous structures on the metric spinor bundle : E 9 M —> M are related to each other. 

Remark 2.12 (Dirac structure on the metric spinor bundle). Recall that a metric spinor bundle 
7r^ : E 9 M —► M carries a canonical structure as a Dirac bundle , i.e. there exists an extension of the Levi- 
Civita connection to the spinor bundle, also denoted by V 9 : r(7r 9 / ) —>• T(t^® ti !, m ), an extension of the metric g 
to the spinor bundle, also denoted by g , and a Clifford multiplication , i.e. a morphism of real vector bundles 
m 9 : TM ®r E 9 M —>• E 9 M, V © if> V - g ip. In addition, these structures satisfy the following compatibility 
relations (see for instance [Bau81, Th. 1.12]): 


-2 g(V, W)iP = V- g W- g xlj + W- g V- g (2.11) 

X s v gW, VO = g(y 9 v il>, V’O + <?«>, V^), (2-12) 

V® (W-g*l>) = X 9 v W- g <P + W- g X 9 v iP, (2.13) 

g(V - g V>, V) = (-1 ) s+1 g(^ V - g tf), (2.14) 

where ip, ip' £ T(-k 9 m ), V,W £ T(t m )• 0 


The universal structures V, r) and m satisfy compatibility relations similar to Eqs. (2.12) to (2.14). In order to 
be able to precisely formulate them, we need the following notion. 

Definition 2.13 (universal metric and vertical Levi-Civita connection). The metric g defined by 

g (X*,X*):=g x (X,X), (2.15) 

where X* = (g x , V) £ ( n r,s )*(TM ) is called universal metric. Let 7 r + : GL + M —> M the canonical 
projection. Via the pullback to R M : (7r r,s )* (GL + M) —> S rjS M along n r,s : S rtS M —> M we also obtain a vertical 
connection on R M from the vertical connection on u M from Definition 2.10. Let 7 : GLjJ) —► GL(R m ) be the 
standard representation (given by matrix multiplication). Recall that GL + M x 7 R m = TM, so ( n r,s )*(TM ) = 
( 7 T r ’ s )*(GL+ M) x 7 K m and therefore, we obtain a vertical connection on r ^ : ( n r ’ s )*(TM ) —> S rjS M, which is 
denoted by 


V : r(T; r 


0 x T(t a Y) 


r(rl) 5 ). 


(2.16) 


We call V the vertical universal Levi-Civita connection. 


0 
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Lemma 2.14 (properties of universal structures). The universal structures satisfy the compatibility 
conditions 


-2g(X*, X*) = X* • Y* • ip + Y* • X* • ip (2.17) 

V.y(»7(& <P')) = </>') + V X (j)'), (2.18) 

v. Y (y* • < p ) = v x r »<p + y *. (2.19) 

rj(X* . & 00 = (-1 r +1 T7(0, x* . 0). (2.20) 

where X*, T* £ T(r^ s ), X £ r(r^ a M ), <p, </>' £ r(?rf M ). 0 

Proof. (2.17) follows directly from (2.11) and (2.15). 


By construction (2.9), the metric Tj agrees pointwise with the spinorial metric, which is defined via the invariant 
metric on the spinor space E rjS in the spinor representation p : Spin rs —► GL(E riS ). The representation p acts 
on E r)S by isometries. Since the vertical connection on TTg M is induced by the vertical connection on k AI , the 
resulting vertical connection is metric. For connections this can be found for instance in [Bau09, Satz 3.13] and 
the same proof holds for vertical connections. This proves (2.18). 

To see (2.19), we just notice that V 0 V is a connection on {-K r ’ s )*(TM) 0 EM and m is parallel with respect 
to this connection. This results from the fact that the ordinary Clifford multiplications m 9 are defined via the 
representation p. 

Finally, (2.20) follows from the definition of rj, • and (2.14). □ 


The relationship between the usual Dirac structure on the metric spinor bundle tt 9 m : E 9 M -A M from Re¬ 
mark 2.12 and the universal structures on : EM —► S r , s M is as follows. 

Lemma 2.15. For any metric g , there exists a morphism I g of vector bundles such that 



( 2 . 21 ) 


commutes. In addition, I g is an isometric isomorphism with respect to the spinorial metric on tt 9 m and g*r) and 
it is compatible with the Clifford multiplications m 9 and <?*m. 0 

Proof. For any x £ M, rp £ E 9 M, we have o i g )(il>) = g x = (<? ° desired isomorphism 

exists by the universal property of the pullback. To see the second claim, we check that 

{g*m)(V 0 I g (ip)) = m((g, V) 0 i s (V0) = V - g ip = m 9 (V 0 ip), 
where ip,ip 1 £ V £ TM. □ 

Notice that I g is not compatible with the connections, since we would have to check that (g *V) v (I g (iP)) = 
V dgv{^g{' l P)) = V dgv’tp i which makes no sense, since dgV is not vertical, so ^d g v is not defined. We will discuss 
this issue in the following. 


2.3. Jet spaces 

The fact that the connections V and V are defined only on the vertical part of 7 r r,s : S rjS M —>■ M is a bit 
unpleasant, especially since this prevents us from including them into the compatibility assertion of Lemma 2.15. 
In this and the next subsection, we show how to obtain a full connection by passing to the first jet space. We 
consider the first jet bundle, since the spinorial Levi-Civita connection on a spinor bundle depends only on the 
1-jet of the metric. We recall the definition of a jet space, see [Sau89] for a more comprehensive introduction 
to the topic. 
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Definition 2.16 (jet bundle). Let np : P —> M be any fiber bundle. For any x £ M, denote by T^^p) the 
space of sections defined on a local neighborhood near x. Two such sections si, S 2 have the same 1-jet at x, if 
Si (a;) = S 2 (x) £ P and ds-[ \ = ds 2 \r x M ■ The equivalence class jl(s) of a local section s £ T x (np ) is the 1 -jet 

of s at x. The set J x n P := {jl(s) \ x £ M,s £ r x ( 7 Tp)} is the first jet space of n P . The space J x -k p comes 
along with the two canonical projections 7 To := j\np : J l np -A M, j).s H > x , and ni t o := j\ 0 7 rp : .V np —>■ P, 
jp.s i—^ six), called the source respectively target projection. 0 


It is well known that J 1 np is a smooth manifold and ni^ is even an affine bundle. One can also define higher 
jet bundles J k np consisting of equivalence classes of sections that agree up to the fc-th derivative. 

Definition 2.17. Let np : P —> M be a bundle, x £ M, s £ F x (np) and V £ T p M. Then (j x (s), d x s(V)) £ 
n\ 0 (TP) is called the holonomic lift of V at s. 0 


The following theorem asserts that one can decompose 7 rJ 0 {TP) into vertical vectors and holonomic lifts. 

Theorem 2.18 ([Sau89, Thm. 4.3.2]). Let 7 Tp : P —> M be a fiber bundle and 7r 10 : J x np —> P be the 
target projection. Recall that Tp : T V P —> P denotes the vertical tangent bundle of P. At any point j x (s), 
s £ T(n P ), there exists a natural decomposition 


< 0 (rP)| j±W = nl 0 (T v P)\ jUs) © ( 3 l{s),ds{T x M )). 


e-i,o (rp)|u 




( 2 . 22 ) 


This decomposition is well-defined, i.e. it does not depend on the choice of s for a given j x (s). 0 

Remark 2.19. Consider the canonical map ip : TJ x np —> 7 rj 0 (TP), X > (Tji P X,dni 0 X). For any X £ 
T J i( s )J 1 7 rp, we obtain a decomposition of ip(X) as in (2.22). Setting X := dn\^X, this is can be written 
explicitly as 

X = X 1 ’ © X h £ T V P © d x g(T x M), (2.23) 

i.e. there exists Xh £ T X M such that X h = d x g(Xh). Notice that Xh = dp^n^X. 0 


2.4. Construction of the jet version 


Before we can state Theorem 2.21, we recall some facts about pullbacks. 

Remark 2.20 (description of pull-back connections). Let np '■ E —> M be a vector bundle and / : N -A 

M be smooth. Then we denote by f*E —> N the pullback, i.e. 


f*E- 

n E 

"V" 

N — 


© E 


© M. 


Recall that f*E = {(y, e) £ N x E \ f(y) = 7Tp(e)}. Therefore, a section s £ T(7rp) determines a section 
(idjv,s o f) £ T(n E ). Conversely, a section s = (si,S 2 ) £ T(7f e ) always satisfies id^r = n E o s = Si and 
(n E ° f*)(s) = n E o S 2 = / and is therefore already determined by S 2 . We call a map s : N -© E such that 
n E o s = / a section along f and identify the space T(7Tp) of of sections along / with with r(7tp). 

In addition, assume that E carries a connection V. Then we can define Dx{s o /) := V f,xs for any A' £ TN 
and s £ r(n E ). The result is an R-bilinear map D : T(tat) x (V(n E )o f) — )• (T( 7 rp)o/) such that for all X £ TN, 
s £ r( 7 rp), we have the usual Leibniz rule and C°°-linearity: 

V/3 € C°°(M) : D x (ps o f) = X{p o f)(s o /) + (/3 o f)D x (s o /), 

VaGC°°(X) : D aX (so f) = aD x (so f). 

It is a standard result in differential geometry that any such map D defines a unique connection V : T(rjv) x 
r( 7 tp) -© T( 7 fp) satisfying 

Vx(id n,so f) = (id N , Dx(s o f)). (2.24) 

We sometimes write so/ instead of (id n,so f), since it makes no distinction if we use the pullback connection 
on T(ttp). 0 
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With this in mind, we can continue (2.3) (drawn vertically) as follows. 

Theorem 2.21 (universal spinor jet bundle). The universal spinor bundle from (2.3) can be extended to 
a commutative diagram 


EM-—-> EM 



Moreover, the vector bundle 7rf M carries a connection V satisfying 

jl(g)) = 'V x *4>\ g { x )+V a Xh {<t)og)\ x , (2.26) 

where p := (id,7r('g o p) G r(7rf M ), p G I^sm)’ x G T)i( s )(J 1 7r r,s ), X := dir^X and X v and Xh are a 
decomposition as in (2.23). Here, 7t[’q = j\ a n r,s and 7Tq’ s := jg7T r ’ s . 0 

Proof. The strategy is to define the connection on EM using Remark 2.20. We define EM := (7t[’q)*EM and 
obtain commutativity of (2.25). Using the notation from the assertion and (2.23), we obtain a decomposition 

X = X v ®X h GT V S r , s M © d x g(T x M ), (2.27) 

i.e. there exists Xh G T X M such that X h = d x g{Xh). Recall from Remark 2.4 that p o g G r(7r^) and that 
the connection V 9 on the spinor bundle at a point x G M depends only on j 1 (g) at x , so the right hand side 
of (2.26) is well-defined. Therefore, we simply define Dx4> by the right hand side of (2.26). To show that this 
gives a connection on Rg M , it remains only to verify the properties of D enlisted in Remark 2.20. It is clear 
that D is R-bilinear in both arguments. To see the Leibniz rule, let P G C°°(S rjS M) and calculate 

Dx((P<t>) ° = Vx»W)| sW + V 9 Xh (P<l> ° 9)U 

= X v {p)<p\g( x) + PVx*{4>)\g(x) +X h (fio g)(j)\ x + {p O g)X 9 Xh {(f) o g)\ x 
= (X v {p) + dg(X h )(P))\ g{x) (j)\ g(x) + pvX”(<t>)\ g (x) + (P ° g^xM °s)U 
= X {P)\g(x)$g(x) + (P°g)\xDxi<l> 0 ^ r i’o)\jl( g ) 

= X(P o 7T r ’ s )| i i (g)( />| g(x) +{po 7 T r {° 0 )\ jl{g) Dx{<t> O 7r[;S)|j-i (9 ). 

To see the C°°-linearity, let a G C°°(J 1 7r r,s ). We obtain dir[^ s 0 (aX) = adiT^X and clearly dg{a{j p {g))Xh) = 
a(jl(g)) xh , thus 

Da(.jl(g))x{<t> ° M’o) “ ^o‘Ul(g))X v< ! ) + ^a{j^(g))X h ^ ° 3) 

= a(j 1 p (g))(Dx(P on[f 0 )), 

which concludes the proof. □ 


2.5. Existence of universal structures on the jet version 

We will now show that the structures g , 77, m can also be pulled back to the jet bundle 7 rf M and satisfy 
compatibility conditions with the connection V similar to Lemma 2.14. This also allows us to formulate a 
version of Lemma 2.15, which includes the connection. 

Definition 2.22 (universal Dirac structure). Consider the vector bundle 7fg M : EM — ► J 1 7r r,s from (2.25). 
We define 

g (X*,Y*):=g x (V,W), (2.28) 

: = VgAfafi), ( 2 - 29 ) 

m{X* ®4>):=X*»p-.= V - gx <j>, (2.30) 

Oa(ff), V), Y* = (jl(g),W) G ( 7 r 0 r ’ s )*TM), 4>,$ G r(7f| M ), </> := E s (^), ^ := 

0 


where j x (g) G J 1 -K r ’ s , X* = 
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Of course, one can also pullback the vertical connection V from (2.16) to a vertical connection (7r[’g)*V. This 
vertical connection can be completed to a full connection in complete analogy to (2.26). 

Definition 2.23 (universal Levi-Civita connection). For any X £ T jl{g) J 1 ^, Y* = (. H(g),V ) £ 
(tt r 0 ’ s )*(TM), Y = (g x , V) £ ( n r ’ s )*(TM ), V £ T X M , we set 

== V.Y»r+V^F, 

where dn^X =: X = X v © d x gX^ is decomposed as in (2.23). The connection V is called universal Levi- 
Civita connection. 0 

To see that V is well-defined, we notice that the Levi-Civita connection only depends on the 1-jet of the metric. 
So one can proceed as in the proof of Theorem 2.21. 

In case r = to, the metric g is precisely the universal Riemannian metric and V is the universal Levi- 
Civita connection as considered for instance in [PM08]. The equality between V and the connection considered 
in [PM08] is evident from [PM08, Thm. 5.1], where the uniqueness of natural metric connections on the bundle 
is shown, and the fact that the connection constructed here is both metric and natural under the action of 
diffeomorphisms of M, see (2.39). 

Lemma 2.24 (properties of universal Dirac structures). The structures from Definition 2.22 satisfy the 


following compatibility relations: 

-2g {X*,Y*)<j> = X* *Y* • 4>+ Y* • X* • 4>, (2.31) 

Vxfj(j), 4>') = fj(Vx<i>, <j>') + Vx4>'), (2-32) 

vt(r^) = vyr.^ + riv^, ( 2 . 33 ) 

fj(X*h4f) = (-iy +1 fj(ct>,Xicf>'), (2.34) 

where X £ TJ 1 ^’ 8 , X*,Y* £ ( 7 rJ s )*(TM), ft £ F(7rf M ). 0 

Proof. The equation (2.31) follows directly from Eqs. (2.17), (2.28) and (2.30). 

To see (2.32), we decompose 

dirl’oX =: X = X v 0 X h £ T v S r , s M © d p g(T p M ), X h = dg(X h ), X h £ T p M , 


as in (2.27). We also assume that <f> = 7t[’q o </> for some </> £ and analogously for <)/. By definition 

= X(rj(<t>, <j)') o 7r[’o) = d^X{r){<j>,4>')) 

= X v (v(<t>, </>')) + X h (r,(<f>, </>')). 

Now, for the vertical part, (2.18) implies 

X v (v^, t')) = ti(Vx.f 0') + *7(0, V :</>')■ 

Since <f> o g £ we obtain for the horizontal part 

X h {r){(j), </>') = dg{X h )(r)(qb, </>')) = X h (ri(<f>, <j>') o g) = X h {g{cj> o g, <j)' o g)) 

= g(^ 9 xh (</> o g), <j>' o g) + g(<j) og,X a Xh (</>' o g)) 

Since, 

t/(Vx*0, (/>') + g{^ 9 Xh (<t > 0 g\x, </>' o g)) = fj(( id, V x ^<t>), <t>') + vi^xM 0 9)x, <t >'| ff J 

= vi.'Vx&fi), 

this implies (2.32). 

To see (2.33), we consider Y* = ( jl(g),V ) £ (tt r ’ s )*(TM), V £ T X M , Y* = (g x ,V) £ ( 7 r£’ s )*(T x M). Using 
Eqs. (2.13) and (2.19), we obtain 

Vy (Y* • 4>) = V x »(K* • 0) o g + V 9 Yh ((V-flog) 

= Vx»y* • 0 + y* • <b + (v®. h y) • 4 ° g + v ■ x 9 Xh (</> o«?) 

= Vxr^ + riVx^. 


Finally, (2.34) follows directly from the definitions and (2.14). 


□ 
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Now, these universal structures allow us to reformulate Lemma 2.15 as follows. 

Theorem 2.25. Let (M, 0) be a spin manifold with fixed topological spin structure and n]j M '■ SM —» J 1 n r ’ s 
be the jetted universal spinor bundle from (2.25). For every metric g on M, there exists a morphism I g of vector 
bundles such that 



(2.35) 


commutes. In addition, I g is isometric with respect to the spinorial metric on ir s M and j 1 (g)* , r ?, it is compatible 
with the Clifford multiplication m 9 and j 1 ( 5 )*tri and it is compatible with the spinorial Levi-Civita connection 
on n g M and j 1 (fl , )*V. 0 

Proof. As in the proof of Lemma 2.15, the commutativity of (2.35) follows again from the universal property 
of the pullback and we obtain 

0 ) = = = g(y,y'), 

j 1 (s , )*(m)(F <g> 4(V0) = 0 Zg(ip)) = V- g ip = m 9 (V 0 ip). 

Now, since dnl’^dj 1 (g)V = o j 1 (g))V = dgV, we obtain from (2.26) 

{j\g)*V)v{I g m = V djHg)v (I g (4 0 ) = V B v ip, 

which implies the claim. □ 


2.6. Naturality questions 

To discuss naturality aspects of the spinor bundle, it is helpful to introduce some lightweight category theoretic 
language and slightly rephrase what we know so far. 

Definition 2.26 (pseudo-Riemannian spin manifolds). The category of pseudo-Riemannian spin 
manifolds , pRiemSpinMf r s , consists of tuples (M,g,Q 9 ) where M is a smooth manifold, g is a metric of 
signature (r,s) and 0 9 is a metric spin structure. A morphism between two such objects is a tuple (/, F), 
where / is an orientation-preserving isometric diffeomorphism and F is a lift to the metric spin structures such 
that 


Spin 91 Mi -> Spin 92 M 2 


0i 


df 


SO 91 SO 92 M 2 


Mi 


m 2 


(2.36) 


commutes. 0 

Definition 2.27 (generalized Dirac bundles). The category of (generalized) Dirac Bundles , DiracBdl, 

consists of tuples ( 7 rg : S N,h, V s , tte : E —► N,g, V B , m 9 ), where TV is a smooth manifold, n s is a complex 
vector bundle with a metric h and a metric connection V s , tte is a real vector bundle with a metric g of 
signature (r, s) and a metric connection V s , and m 9 : E 0 S —> S, X 0 s 1 —> X ■ s, is a Clifford multiplication. 

In addition these structures satisfy the following compatibility conditions: 

-2 g(X, Y)ip = X Y -ip + Y ■ X -ip, 

Vy(A' • %p) = VyX ■ Ip + X ■ S/ylp, 

h(x-<p,ip') = (-iy+ 1 h(i>,x-'ip'), 
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where V £ r(rjv), X £ T(tte), Y £ r(7rs). A morphism between two generalized Dirac bundles is a tuple 
(/, F, F) such that 




(2.37) 


commute. In addition, we require / to be smooth, F and F to be isometric, and F*\7 E2 = V Bl , F*\7 S 2 = V Sl , 
F o mi = m 2 o (F <g> F). 0 

With this notation, any Dirac bundle S M in the classical sense, see for instance [Roe98], is a generalized 
Dirac bundle over E = TM. It is well known, see for instance [LM89], that associating a spinor bundle to a 
pseudo-Riemannian spin manifold is natural in the following sense. 

Lemma 2.28. Let X : pRiemSpinMf rs — > DiracBdl be the map that assigns to each pseudo-Riemannian 
spin manifold (M,g,Q 9 ) its classical spinor bundle E 9 M := Spin 9 x p X riS together with its Dirac structure 
from Remark 2.12 and its tangent bundle tm '■ TM -A M. Further, we assign to any morphism ( f,F) of 
pseudo-Riemannian spin manifolds, the morphism (f,df,F) of Dirac bundles, where F is defined by setting 
F : E 9l Mi —>■ E 92 M 2 , [6,u] H > [f(b),v]. Then X is a functor. 0 

Remark 2.29. We can extend X with little modifications to oriented isometric codimension-one immersions 
instead of isometric diffeomorphisms. Here, df : SO 91 Mi —> SO 92 M 2 is replaced by (df, v) which completes the 
pushed-forward basis by the right choice of normal vector v to an oriented orthonormal basis, for details and 
applications see [BGM05] or [BM08]. If the dimension of the hypersurface is even and we want to interpret X 
in a contravariant manner, we need two spinor bundles on the hypersurface, which can be identified with the 
spinor bundle in the ambient space. This is due to the jump in dimension of the spinor module in this case. 
In the following, by a slight abuse of notation, we will use the symbol F also for such a spin lift of an oriented 
isometric immersion /. 0 

Remark 2.30. For any morphism ( f,F ) between and (M 2 , 52 , 62 ), the resulting morphism 

( f,df,F) = X(/, F) satisfies ij) 92 oF = F o Ip 91 and the two spin manifolds are Dirac isospectral. So the 
two spin manifolds are spin isometric in this case. 0 


Now, being spin isometric is a very restrictive condition. We would like to investigate in what sense one can 
(not) relax this condition without losing the naturality. First, we discuss the universal spinor jet bundle from 
(2.25). 

Definition 2.31 (spin manifolds). The category of spin manifolds , SpinMf, consists of tuples (M, 0) 
where M is a smooth manifold and 0 is a topological spin structure. A morphism between two such objects 
is a tuple (/, F), where / is an orientation-preserving diffeomorphism and F is a lift to the topological spin 

structure GL M such that 0 2 o F = dfoQ 1 as in (2.36) (with SO 9 M replaced by GL + M and Spin 9 M replaced 
by GL M). () 


Recall that 


M 


' M 


«- s )*(TM) 


r r ’ s )*{TM) 


S r , s M denotes the tangent bundle of M pulled back to S r , s M. We also define 


Theorem 2.32. The map usjb : SpinMf — ► DiracBdl, that maps a spin manifold to its universal spinor jet 
bundle via 


(M, 0) (tt| m : EM -> JV’ S , fj, V, r: TJ V' s J V’ s , g, V, in), 

is a functor. In particular, for any morphism (f,F) between spin manifolds (Mj , Bj), j = 1,2, there exist 
commutative diagrams 


EMi EM 2 


7r SM 1 


7 T S 

n SM 2 


t l r.s 
J 7T{ 


n M’ s , 


(t r5’ a,1 )*(TM) - - F - A (ttq’ s,2 )*(TM) 


' M 1 


7 1 r,. 

J 7T 1 


' M 1 


. t 1 t,s 

-+J tt 2 . 


(2.38) 
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where (F r s , F) and (F r s . F) are isomorphisms of vector bundles compatible with the universal structures, i.e. 
all the relations 

F*fj 2 = fj 1 , F*V 1 = V 2 , F-V^V 2 , Fom 1 = m z o(F^F), F*g 2 = g±, (2.39) 

are satisfied. 0 

Proof. The pullback of tensor fields via / -1 gives a map F rs : S r!S Mi —> S riS M 2 , which induces the map F r s 
and also the map F. The map EMj -A T,M 2 , [b, u] i—» [F(b), v\ is well-defined and descends to F : EMj — > T.M 2 . 
This gives existence and commutativity of (2.38). 

One now has to check all the compatibility conditions (2.39) in detail, which is a bit tedious. We only discuss 
the connection V 1 : Recall that by Lemma 2.8, the map F r ^ s is an isometry. Since the vertical part of the 
connection is given via the metric from Lemma 2.7, it is preserved on the level of principal bundles. Since EM 
is an associated bundle with induced connection, the claim follows also for EM. The horizontal part follows 
from the naturality of the spinorial Levi-Civita connection with respect to spin isometries. □ 

Remark 2.33. The modification towards oriented codimension-one immersions / instead of diffeomorphisms 
as in Remark 2.29 works here as well, and such a lift will also be denoted by F . We denote by SpinMf 1 the 
category that is identical to SpinMf, but includes as morphisms oriented codimension-one immersions. The 
technicality with the jump in the dimension of the spinor module as in Remark 2.29 applies here as well. 0 

Remark 2.34 (non-jetted version). Of course one can get a version of Theorem 2.32 for the non-jetted 
universal spinor bundle 7Tg M : EM —> S r>s M and one obtains an analogous functor usb. In the range category 
DiracBdl one would have to replace the connection by a vertical connection and one has to remove all bars in 
(2.39). As a result, even the entire diagram (2.25) is natural with respect to spin diffeomorphisms. 0 


For the purpose of variational theory, it would be desirable to have a vector bundle over M for the spinors that 
is natural in the category of manifolds and diffeomorphisms and on which only the secondary structure (metric, 
connection, Clifford multiplication) is induced by the metric of the underlying manifold. This ansatz, however, 
is doomed to fail as shown in the following theorem: 

Theorem 2.35. There is no functor E top such that 


RiemSpinMf 


MetrTop 


-4 DiracBdl 

forget 


jiyitop 

SpinMfds — — —- > VB 



(2.40) 


is a commutative diagram of categories and functors. Here, forget denotes the functor that forgets all additional 
structure except the manifold and vector bundle structure, pr maps a vector bundle i? -A M in the category 
VB of vector bundles to its base M, and MetrTop replaces a metric spin structure by its topological one (via 
the fiber bundle extension corresponding to the inclusion homomorphism SO m °A GLj(j). () 

Proof. Assume that (2.40) exists and denote by GL m — > GLj^ the non-trivial double cover. We let b £ GL^ 
be arbitrary and think of $(6) =: b £ GLj() as an isomorphism -A R m , x = x L ei ha x l bi. Let a : ER m — ► 
R m be the spinor bundle with respect to the Euclidean metric, i.e. a := E top (MetrTop(M m , Spin m , g)) = 

E top (R m , GL m ). We set V := <r -1 (0) and obtain an isomorphism rb : S top (6, b)\v '■ V — > V. All in all, 
we obtain a finite dimensional representation f : GL m -A GL(V), b ha fb. By [LM89, Lem. II.5.23], this 
representation descends to a representation of GLj(), i.e. there exists a representation r : GL ^ -A GL(V) such 
that 


GL+ ^GL(V) 
>[ 

2:1 y 

/ r 

4 - / 


GL 


+ 

m 


(2.41) 
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commutes. Now, consider the unit element e G GL+ and obtain (1) =: {e + ,e_}, where e+ is the unit 
element in GL m . Since (2.41) commutes, we obtain that 

/ := f(e_) = (r o tf m )(e_) = r(e+) = idy . 

Notice that e_ G Spin m . Therefore, we can consider forget (S(idK m ,e_))|y = / G GL(U). By construction 
E® R m = Spin m x p E m , where p is the standard spin representation, and the morphism / is explicitly given by 
ER m —► ER™, [6, if] i-a [6.e_,u] = [b, p(e_) _1 u]. Thus / 7 ^ idy, since p is faithful, which is a contradiction. □ 


2.7. Universal Dirac operator 

The naturality of the universal spinor bundle induces a naturality assertion for the Dirac operator. Recall that 
if 7Tp : P —> M and ttq : Q M are fibre bundles, then a map D : Ti oc (7rp) -A ri oc (7TQ) is a differential 
operator of order k, if there exists a bundle morphism cf(D) : J k np -A Q over id m, called symbol of D, 
such that D(s) = <r(D)(j k (s)) for any s G ri oc (7Tp), see for instance [Sau89, Def. 6.2.22]. 

Theorem 2.36 (universal Dirac operator). 

(i) There exists a natural linear differential operator Ip of order 1 on which for every metric g pulls back 
to the usual Dirac operator, i.e. there exists a commutative diagram of vector bundle homomorphisms 1 



(2.42) 


(ii) We can also interpret Ip as differential operator Ip on ivfa in a natural way, given explicitly as Ip : r(7rf f ) —► 
$ = (9, <f) ( 5 , Ip 9 ip). 

0 

Proof. 


(i) The left hand side is the usual Dirac operator constructed via the usual Dirac structure, c.f. Re¬ 
mark 2.12. The objects on the right hand side are defined as in (2.25) and the map l g is given by 
(2.35). It remains only to construct the map a: Let h : (7 r r,s )*(TM) -A TJ 1 Tr r ' s , ( jl(g),V ) i-a dg\ x (V), 
be the holonomic lift, c.f. (2.22). This induces a map h* : T*J 1 'rr r ’ s —> ((ir r ’ s )*(TM))*. The map 
«o)* = K’T (TM) -a (7 r r -«)*(TM) yields a dual map ((tt^)*)* : ((7 r r ' s )*(TM))‘ -A ((7 rj ! )*(™))*. 
Using the universal metric from (2.28), we obtain an isomorphism (jg : ((ttq S )*(TAI))* -A By 

definition, m : (tt’ 0 ,s )*(TM) 0 EM —> EM. Therefore, we can set a := rho fjg o ((7 t[’q)*)* o h*. The diagram 
commutes by construction, in particular (2.26). This shows that a (Ip) is natural and thus Ip := (j(Ip)oj 1 
is a natural linear differential operator of order 1 on 


(ii) We can also interpret it as a differential operator on the fiber bundle 7rf f by taking into account that there 
is a natural fiber bundle isomorphism identifying 7 Tq’ s 0 jo^ M with If we recall from Remark 2.4 

that a universal spinor field $ can be thought of as a tuple ( g , ip), this operator can also be given explicitly 
by IP : r(TT^) -A r(7r^), $ = (g , p) (g, Ip 9 ip), is a differential operator of order 1 that is natural with 
respect to spin diffeomorphisms as well. This can also be seen using its definition, the coordinate formula 
(3.5) below and Theorem 2.32 (or rather its non-jetted version, see Remark 2.34). 


□ 


in our case of double bundles, the projections of the respective bundles are not uniquely given by the total spaces, we use the 
not so common but very practical way of writing a diagram of vector bundle homomorphims as a diagram between the projections , 
meaning that there is a corresponding commuting diagram between the respective total spaces preserving the and linear on the 
respective fibers. 
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3. The Einstein-Dirac-Maxwell equation 

Using the universal spinor bundle irf, r : S M —► M, one can now formulate Einstein-Dirac-Maxwell theory as a 
variational problem on sections of a finite dimensional fiber bundle in any signature ( r,s ). The advantage of 
this approach is that the spaces of sections W k,p (Tr AI ) carry canonical topologies as Frechet manifolds (Banach 
if k < oo). At the first sight, including Maxwell fields might seem to be an unnecessary complication. However, 
a good reason for doing so is that, whereas solutions of Einstein-Maxwell theory can be made solutions of 
Einstein-Dirac-Maxwell theory by including zero spinor fields, the same is not true for Einstein-Dirac solutions: 
The presence of nonzero spinors entails in general the presence of nonzero Maxwell fields. 


3.1. Notation and basic definitions 

To formulate the Einstein-Dirac-Maxwell equation, we introduce the following notions. Let g £ S r . s (M) be a 
metric, ip £ T(be a spinor field and A £ Q 1 (M) (thought of as a connection form on a trivial [/(l)-bundle 
over M ). Each 1-form A induces a connection V 9,A on the spinor bundle via X 9 ^ ip := X 9 x ip + iA(X) ■ ip. The 
resulting Dirac operator reads jJ) 9 ' A ip = Ip 9 ip — A ■ ip (using Clifford multiplication on the cotangent bundle). 
For q £ R, we define the tensor fields T^ q g ^ iA \,T^ g £ r(r| / ) by 

T L,*,A)( X ’ y ) : = l Re ( X ■ V P qA ^ + V ■ 

T ( 9 ,A) ■= tr g (h3) (F A ® F a ) \g{F A ,F A )g, 

for all X,Y £ T(tm)- Here F A := cLA , which is the curvature of A. The metric g is extended canonically to 
all tensor powers of the tangent bundle tm ■ TM — > M. We also set T^ q gA p A) := T k q g ^ A j + T^ g A y the total 
energy-momentum tensor of (q,g,ip,A). The field £ Q 1 (M), defined by j^(X) := (X ■ ip,ip), is called 
the Dirac current of ip. 

Definition 3.1 (Einstein-Dirac-Maxwell equation). Let (M, ©) be a spin manifold. For any X,q £ R, 

the system of equations 


U) 9 aA iP = \iP, 

Ric 9 -iscal 9 g = T (g ^ A) , (3.1) 

6°F a = qj i ,, 

is called (X,q)- Einstein-Dirac-Maxwell equation, q is called the charge and A is called the mass. We 
want to solve this equation for g, ip, A, and denote such a solution by ( M,g,ip,A ). 0 

Remark 3.2 (neutral systems). Physically reasonable systems often consist of various particles of different 
charges and masses. By summation of the Dirac currents in the last equation and of energy-momentum tensors 
T( q - g if,- a) second equation, the equations can readily be generalized to a Dirac system comprising various 

spinor fields, for details cf. [GM14]. This is important as it allows to consider neutral systems , which are 
systems with )TL q = 0. If, moreover, A^ = 0 for all i, these systems have a well-posed initial value formulation 
for small initial values in asymptotically flat spacetimes, cf. [GM14]. 0 

Definition 3.3 (universal Einstein-Dirac-Maxwell operator). The map EDM(* ^ : r(7rf) ® T Af ) -A 

r ( T M ® T* m ® 7T^ © T* m ), 

$ = (Ric 9 — \ seal 9 g — T( q>g ^ A) , (g, lp 9,qA ip - Xip),S 9 F A - qj i> ), (3.2) 

is called universal Einstein-Dirac-Maxwell operator. Obvious extensions of the above operators to N 
spinor fields are also denoted by EDM( A ? ); here A = (Ai,..., Ajv), 9 = (91, • • •, <?at)- 0 

Theorem 3.4. The operator EDM( A is a natural differential operator whose zeroes correspond exactly to 
the solutions of the Einstein-Dirac-Maxwell equations. (> 

Proof. In the case of N spinor fields, one has to replace from the universal spinor bundle in (2.3) by its 
jfe-fold fiber product. For simplicity, we consider only the case N = 1. Then Theorem 2.36 gives the result for 
the Dirac-part of EDM and the statements for the other parts are standard. □ 
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3.2. Solutions as critical points 

Now, want to express solutions of (3.1) as critical points of a functional to be defined in Definition 3.8. To that 
end we require certain trivializations, which can be obtained from identification isomorphisms, which are an 
important application of the partial connection on the universal spinor bundle anyway. 

Definition 3.5 (identification isomorphisms). Let g : / —► S r , s (M ), t ha g t , be a smooth path of metrics, 
g := g 0 , h := g 1 . For any x £ M and any <f> € YM\ g t x \, let fi g ,h { ( &) £ EM \ h t x \ be obtained by V-parallel 
transport of $ along g. The resulting map Bgj,, : Y 9 M -A T, h M is called an identification isomorphism. 0 

These identification maps satisfy fig.h ° fih.g = id, and one can use them to pull back any Dirac operator lj) h to 
r(7r® f ). This operator can be expressed more explicitly as follows: For any metric g £ iS rjS (M), we denote by 
b g : TM -A T*M the musical isomorphism and by (t 9 : T*M -A TM its inverse. If h £ 6 y jS (M) is any other 
metric, the isomorphism a 9t h '■= Dg ° b/, £ IsoM satisfies 

VX, YeTM : g(a gth (X), Y ) = h{X, Y). (3.3) 

Clearly, if g = h we obtain a g ^ = id, which is positive definite. Therefore, if h is in a small neighborhood of g, 
the map a gt h is still positive definite. (In case g , h are Riemannian, a g is always positive definite.) The map 

b g ,h '■= \j a g ii (in the sense of a positive definite square root) satisfies 


VX, YeTM: h(b g , h (X),b g , h (Y)) = g(X, Y), (3.4) 

thus it maps a g-pseudo-orthonormal basis to an /i-pseudo-orthonormal basis. 

Any identification isomorphism B g ,h from Definition 3.5 induces a map on sections T(7r® f ) —> T (t^ ) also denoted 
by Bg,h- The problem is that for any two metrics g,h £ S TtS (M) there might be no path in S r:S (M) joining 
them. Even if they can be joined, the path is not unique. To handle this problem, we introduce the following 
notion. 

Definition 3.6. Let M be a (possibly non-compact) manifold and g,h £ S r>s (M). We say g and h are 
joinable , if the path g t := g + t(h — g), t £ [0,1], is contained in 5,. jS (M) and for any t G [0,1], the map a gt9t 
is positive definite. 0 


Obviously, if we are given a compact subset C C M, a pseudo-Riemannian metric h and an auxiliary Riemannian 
metric k, there is a positive number ac such that all pseudo-Riemannian metrics g coinciding with h outside of 
C and with \\g — h\\k < ac are joinable to h. Even more, there is a positive number be such that all pseudo- 
Riemannian metrics g coinciding with h outside of C and with ||g— /i||fc < ac are joinable to each other. We will 
call such a neighborhood C-convex. For any two joinable g , h , we obtain a unique identification isomorphism 
figj, from Definition 3.5. 

Theorem 3.7. Let g,h £ S rtS (M ) be joinable. Then the operator l/) h g := fih. g ° Ip h °fi g ,h ■ r(7r^.) -A T(7r^) 
has the local coordinate representation 


0 > = £' 


K 




:E< 

* j=i 


>, S ( V E(ed(^))-VS 






(3.5) 


where e \,..., e m is a local pseudo-orthonormal frame and tjj £ r(7r^) is any spinor field. 0 

Proof. In the case of a compact Riemannian spin manifold, this formula is exactly [BG92, Thm. 20] and holds 
for any two Riemannian metrics g and h. The proof goes through in the general case, since we required g and 
h to be joinable. □ 


For the rest of this subsection, we assume the manifold M to be compact. 

In [KF00] , using the variation formula for the Dirac operator established by Bourguignon and Gauduchon, Kim 
and Friedrich show how solutions of the Einstein-Dirac equation in the Riemannian case can be identified with 
stationary points of some functional w.r.t. special variations. Now we show how to characterize any solution 
(M,g,tp,A) of the Einstein-Dirac-Maxwell equation as a critical point, i.e. in the sense of d(M, g ,ip,A) EDM = 0, 
of a functional EDM defined on the sections of the finite dimensional fiber bundle usjb from (2.3). We denote 
by AM the bundle of exterior forms on M. 
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Definition 3.8 (Einstein-Dirac-Maxwell functional). The (q, X)-Einstein-Dirac functional is given 
byi(,A) : i '('^m®A 1 M) K, ($ = {g,ip),A) f M £( q , a) where £( 9iA) £ C°°(J 2 (Trf I ®A 1 M),A m M) 

is defined by 

A )) := (seal 9 +A(i/>,- (l]) 9 ' qA ip,ip) - ^ g{F A ,F A ) S jdv 9 . 

For simplicity, we set A := A( Ag \. 0 

Remark 3.9 (characterization of critical points). Let n : P —► M be a fiber bundle, Tp : T V P —> M 
be the vertical tangent bundle, and L : r(7r) -} K be a functional. A section s £ r(7r) is a critical point of L 
if and only if pkst\t=o = 0 for any 1-parameter family St £ r(7r) that is smooth in t. Using the identification 
between T(s*Tp) and T s r(7r), we get that s is critical if and only if ^jFl t x (s)\t=o = 0 for all X £ r(r r ( 7r )). Here, 
Fix denotes the flow of X. In case that L = C o j 2 as in Definition 3.8, this can be written equivalently as 
f M (j 2 X)(£) = 0. ' 0 

Remark 3.10. Now, we want to examine critical points and we want to justify the product structure as in 
[KF00]: As we assumed M to be compact, there is an open covering of S r s M by M- convex, that is, convex, 
subsets. In such a subset U we trivialize the bundle irg M by means of the parallel transport to a fixed metric 
g £ Lb For any e £ EM, we define t g (e) := (ns M {e), /3 n s^^ e ^ g I~ 1 (e)). Consider the open subset set W of r(7rf f ) 
consisting of all the sections T of ir XI such that tt j o f £ [/. Then K g := t g o _ is a Frechet diffeomorphism 
between W and U x r(E 9 M). If g, h £ U, then Kh o A"“ 1 (u, ip) = (u, j3 u ,h ° Pg,u(ip)) for all u £ U, ip £ r(E“M). 
Consequently, if U/ is a critical point of EDMoAT s , then ^ is a critical point of EDMoAT^s^,, so we can show 
criticality in a trivialization w.r.t. 7rgT, as it is done in [KFOO]. 0 

Theorem 3.11. Let M be compact. A tuple (<E>,A), $ = ( g,ip ), is a critical point of L if and only if 
(M, g , ip, A) is a solution of the Einstein-Dirac-Maxwell equation. 0 

Proof. Since the inclusion of an additional Maxwell field is trivial, it suffices to discuss the Einstein-Dirac 
equation (which corresponds to A = 0). First of all, note that [KFOO, Thm. 2.1] holds for any signature of g, 
since the proof goes through without modifications. The theorem states that a spinor field (g, ip, 0) satisfies the 
Einstein-Dirac equation if and only if the functional L(g,ip,0) is stationary under all variations of type 

t !-»■ (g + tk,ip,0), t (g,ip + t<p,0), (3.6) 

where the first variation is to be understood using the identifications /3 g ^h- Therefore, we can identify these 
variations with t ha := (g + tk, f} g , g +tk<P) * n our setting, see Remark 3.10 The second variation in (3.6) is 
already a variation of a universal spinor field in the spinor direction. 

Now let us show the “=>” direction: Assume that ($,0) = (g,ip, 0) is a critical point of L. In particular, it 
is critical under the variation (3.6). Therefore, using [KFOO, Thm. 2.1] it is a solution of the Einstein-Dirac 
equation. 

Now, for the other direction assume that $ = ( g, ip) is a solution of the Einstein-Dirac equation. Then [KFOO, 
Thm. 2.1] implies that it is critical under variations of (3.6). We have to show that those generate all the 
variations by curves in r(7r|)). By Remark 3.9 these correspond to Tr^-vertical vector fields on EM. We 
need that dL($)X v = 0 for all X v £ &*(t£ m ), where t£ m := TsM\(dn' s )- 1 (o)- The Bourguignon-Gauduchon 
connection gives us a global decomposition t£ m = and corresponding projections n vv and n vh . Now 

X vv := n vv (X v ) is the variational vector field of a variation of second type of (3.6) and X vh := Tr vh (X v ) is the 
variational vector field of a variation of first type of (3.6). By linearity of the derivative and by d$L(X vv ) = 0 
and d$L(X vh ) = 0, we obtain d<s>L(X v ) =0. □ 

Remark 3.12. The description of the solution as critical points of a Lagrangian functional on a finite¬ 
dimensional jet bundle now enables us to use all the available tools in this setting. For instance, if one wants 
to solve extension problems one can ask for Palais-Smale condition or if the functional is a Morse function in 
some appropriate sense and then use tools like the Mountain Pass Lemma. {> 

Remark 3.13 (inclusion of boundary values). Now, assume that M is a compact manifold with boundary. 
Then we can repeat the proof of Theorem 3.11 and show criticality in the space r z{^m © A 1 ) of fixed boundary 
values Z. 0 


3.3. Existence of a maximal Cauchy development 

From now on, we focus on the Lorentzian case solely. The question of a maximal Cauchy development for 
Einstein-Maxwell theory has been positively answered by reducing the system (3.1) to a symmetric-hyperbolic 
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operator, see for instance [CB09]. Now we do the same for Einstein-Dirac-Maxwell Theory. In [FROO], it is 
indicated how to do so in the framework of two-spinor calculus. As far as we can see, this framework requires 
the choice of an (unnatural) trivialization of the spinor bundle and is moreover restricted to dimension 4. For 
the definition of a maximal Cauchy development, we need the stronger naturality properties of Lemma 2.28 to 
prove geometric uniqueness. Therefore, we choose another approach. 

Definition 3.14 (initial values). Let Z = (S, go, K, ipo, Aq, A\) be a tuple, where S' is a (m — 1 (-dimensional 
spin manifold, go is a Riemannian metric on S, K £ T(tJ) is a symmetric 2-tensor on S, ipo € r(7ig) is a spinor 
field (for m even) or two spinor fields (for m odd), Aq,A± £ r(r| xR |‘ s ' x ^ 0 ^) representing 2 initial values for the 
Maxwell field. Then Z is called an initial value for the (A, g)-Einstein-Dirac-Maxwell equation if and only if 
the initial constraint equations 3 * * 

scal s ’ 9 +(tr s A') 2 - \K\ g = 16tt T( q>g ^ tA ){v,v), 
tri 2 (VAT) - tr 23 (VA') = 8n T (qig ^ A) (is, •), 


are satisfied, where v is a future-directed unit normal vector field for S. 0 

Remark 3.15. It is well-known, see for instance [CB09], that restricting a section that is a solution to the 
Einstein-Dirac-Maxwell equation to a Cauchy surface yields an initial value (where spinors are re-interpreted 
as spinors of the submanifold in the sense of Remark 2.29). 0 

Definition 3.16 (Cauchy development). Let Z = (S, go, K, ip). do, A \) be an initial value. Then a Cauchy 
development of Z is a tuple (M,g,ip,A,f) such that (M, g,ip, A) is a solution of the Einstein-Dirac-Maxwell 
equation, ( M,g) is a globally hyperbolic spin m-manifold and / is a spin diffeomorphism S -4 f(S ) C M such 
that 

(i) f(S) is a Cauchy surface of ( M,g ), 

(ii) f*g = go, f*W = K and f*if = if o, f*A = A 0 , /*V 9 A = A lt 

Here, W denotes the second fundamental form of S (“Weingarten tensor”) and v a normal vector field. A 
development is called maximal, if for every tuple ( M', gf, ip', A', /') satisfying items (i) and (ii), we have a spin 
diffeomorphism a : M' —> a(M') C M with a*(g) = g', &(ip') = ip (in the sense of (2.36)), a*A = A' and 
d(a o /') = df. 0 

In order to discuss the existence and uniqueness of solutions of (3.1), we require some notions from the theory 
of symmetric hyperbolic quasilinear systems, see [GM14] for a definition. In particular, we choose a gauge. 

Definition 3.17 (wave-gauged). For two Lorentzian manifolds ( N,h ) and (. M,g ), a map / : N —> M is 
called a wave map, if tiy, (Vc//) = 0. Here we consider df £ F(rjy- ® /*tm), and V is the natural connection on 
t n ® . f* T M • Let ft be a Lorentzian metric on an open subset U' of M with Cauchy hypersurface S. A metric h 
on a neighborhood U C U' of S is called wave-gauged to g (on U), if the identity on U is a wave map from 
(U,h\u) to (U,g). 0 

If ( M,g ) is an open set of the Minkowski space R 1,m , then h is in g -wave gauge if and only every coordinate is 
a h -harmonic function. Locally every metric can be brought into such a 5 -wave-gauge, c.f. [CBG69, VI.7.4]. 

Lemma 3.18. Let (N,h) be a globally hyperbolic manifold containing a Cauchy hypersurface S. Let ( M,g) 
be a Lorentzian manifold and / : S —► M be an isometric embedding such that f(S) is a Cauchy surface of M. 
Then there is a neighborhood U of S and a diffeomorphism a : U —> a(U) C M with da\rs = df\rs such that 
h is a*g- wave-gauged. For every globally hyperbolic U the diffeomorphism is unique and has a lift to the spin 
bundle that is uniquely given by its restriction to S’. 0 

Proof. The equation for h to be a*g- wave-gauged is Q h (g ) := tr^(V 9 — W h ) = 0. This is a quasilinear second 
degree equation for g and thus locally solvable for first order initial values by the usual arguments via the 
symmetric-hyperbolic first order prolongation of Q h and then using, e.g. [Tayll, 16.1.2-16.1.7 and 16.2.1] for 
smooth coefficients, or [GM14, Thm. 4.2] for coefficients of finite regularity. Here, we need the same statement 
as in the references above, but for a range G C M x instead of M x R^, such that for all p £ M, the set 
Gfl ({p} x R w ) is convex and reflection symmetric around 0. By a well-known procedure [CB09], we can extend 

2 Here, for a bundle 7r : E —> M and a subset A C M, we employ the definition tt\ a := ir\ n —i( A y 

3 These equations are apparently not yet formulated in the first jet bundle of a geometric bundle on S itself but can, by a 

well-known procedure, easily be reformulated as equations in the spinor bundle on S and the first jet bundle of Maxwell and metric 

fields on S, for details see for instance [CB09] and [GM14], 
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the coefficients Aj and B as in [Tayll; GM14] outside G by an appropriate constant map and use stability. G 
is then chosen in such a way that for any g with g p £ G p for all p satisfies that the coefficient A$ as in [GM14] 
is uniformly positive. The diffeomorphism a is spin, i.e. has a lift to the spin bundle as the identity on S has 
and because of the homotopy lifting property for the spin bundle, as U is diffeomorphic to S x R. □ 

Definition 3.19 (reduced Einstein-Dirac-Maxwell operator). Let ft be a globally hyperbolic metric on 
a manifold such that S' is a Cauchy hypersurface. Let U be a neighborhood of h consisting of metrics joinable 
to h. Then 


EDM^) :U ® T(E h M) © D 1 (Af) -> © r(E h AT) © D 1 (M) 

{g,ip h ,A) i t (Bic 9 -^scal 9 g - T^ t p htgMtqA) ,n g A - qj^,0 gih (iu - g (Ip a ' qA -\)/3 h:g ip h )) 

is called reduced Einstein-Dirac-Maxwell operator. 0 

We want to show that EDM^ A ^ is a symmetric hyperbolic quasilinear operator. 

By Lemma 3.18 and by bijectivity of /3and the fact that every tuple {A,ip) can be brought into Lorenz 
gauge replacing it by (A + df, e l ^ip) for some function /, we obtain a one-to-one correspondence between spin 
diffeomorphism orbits of EDM]” 1 ^ (0) and (EDM^ A )) _1 (0). 

Lemma 3.20. The first-order prolongation of the operator EDM^ A ^ is symmetric-hyperbolic (if restricted 
to an appropriate convex set G of Lorentzian metrics), and there is a Cauchy development in the sense of 
Definition 3.16. 0 

Proof. As the assertion is well known for Einstein-Maxwell theory (ip = 0), we focus on the spinor contri¬ 
butions only. For every precompact open set C we have a ball B in T(r^) around g Q \c contained in Lor(C) 
(the Lorentzian metrics on C), thus there is an affine path from each metric in B to go- By (3.5) the principal 
symbol of (ij) g ) 2 can be calculated as 

CT((0g) 2 )(w,w) = h(b Kg (w h ),b Kg (u) h )) = g(a^ g (u h ),a^ g (u h )) = g(w,w) 

(where, for any non-degenerate bilinear form k, we define ui k := ufi k ). Thus (ifi^) 2 is normally hyperbolic (and 
consequently ljf h is symmetric-hyperbolic) as long as g is globally hyperbolic. 

The energy momentum tensor Ti g ^\ := i,g>,o) is first order in g, thus the second order symbol of T/ g ^\ 

w.r.t. g vanishes. To calculate the first order symbol w.r.t. ip, let a be a smooth function with a(p) = 0, then 
T M )(X, Y) = 0. The coupling of one-forms into spinors and the one from spinors into one-forms are of zeroth 
order, the coupling from metrics to spinors is of first order, thus one order less than the part of the operator 
acting on the metric. Thus all in all the highest orders vanish in the off-diagonal terms. 

Now the usual local existence and uniqueness holds for quasilinear symmetric-hyperbolic operators with range a 
convex neighborhood of 0, [Tayll, 16.1.2-16.1.7 and 16.2.1] for smooth coefficients, or [GM14, Thm. 4.2] (with 
the same modifications as above). □ 

The previous Lemma 3.20 shows that, for every initial value set Z = (S, g, K, ipo, Aq, Ai), the class of develop¬ 
ments of Z is nonempty. 

Lemma 3.21 (geometric uniqueness, cf. [CB09, Thm. 8.4]). Let (Mi,gi,ipi,A^ l \fi) be developments 
of the same initial values ( S , g , K, ipo, A 0 ,Ai). Then there are open neighborhoods Ui of fi(S) in Af, and a spin 
diffeomorphism a : T, 9l U\ —> such that da o dfi = dpi : TS —>• TM-i, a*gi = g\, a*A l ' 2 ' > = A ^ in Lorenz 

gauge and aipi = ip 2 - (> 

Proof. This is just an easy consequence of uniqueness of the gauged system as in Lemma 3.20 and of the fact 
that every metric can be brought into h -wave gauge as in Lemma 3.18: Take Ui and /,; as in Lemma 3.18. By 
Lemma 2.28 /* (g L , A,, , ipi) are solutions of EDM{' a = 0 to the same initial values and thus they coincide. □ 

Definition 3.22 (Cauchy maximal). A Cauchy development J = (M, g,ip, A, f) is called Cauchy max¬ 
imal , if there is not proper isometric embedding / : (. M,g) —> ( N,h ) such that f(S) is a Cauchy surface of 
(N, h) if S is a Cauchy surface of (M, g). (> 

Theorem 3.23 (existence of a Cauchy development). For a system of k spinors, there is a maximal 
Einstein-Dirac-Maxwell Cauchy development J = (M, g,ip l , A, f) of the initial values Z = (S, go, ip l 0 , Aq, Ai). If 
ipQ = 0 for all * = 1,..., k or if A 0 , Ai = 0, then J is Cauchy-maximal. Furthermore, if the system is neutral 
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and if g has a conformal extension, there is a weighted Sobolev space H for i/jq, Aq,Ai and an e > 0 such that 
if ||(V4, A),A)|| h < e, then J is Cauchy-maximal. 0 

Proof. The proof works via the usual procedure as in Choquet-Bruhat’s and Geroch’s seminal article [CBG69] 
using Lemmas 3.20 and 3.21. First, we consider the collection C of all developments of Z. 

Now we need a result of Bernal and Sanchez [BS05] to close a gap in the original proof given by Choquet-Bruhat 
and Geroch, as it was pointed out by Willie Wong [Wonl3, p.5]. The gap is that a priori it is not clear that the 
collection C is a set and not a proper class. Wong indicates another possible way to close the gap; nevertheless 
the only way manifestly without using the axiom of choice is the one via the Bernal-Sanchez theorem, which 
we will need anyway for the second part of the statement. 

The local existence in Lemma 3.20 shows that for every initial value this set of developments is nonempty. 

The rest is as in [CBG69], or as in [Sbil3; Wonl3], where it is shown that the axiom of choice is not needed 
but only Zermelo-Fraenkel set theory axioms. 

Cauchy-maximality of a maximal Cauchy development (M, g , ip , 0) or (M, < 7 ,0, A) in the sense of Definition 3.16 
follows from the fact that, for any fixed globally hyperbolic metric g, the Dirac equation is a linear symmetric 
hyperbolic system and thus has a global solution. Thus if g had a Cauchy extension ( M,g ), then there would 
be a solution ip on ( M,g) to the same initial values as well, in contradiction to maximality of (M,g,tp, 0) and 
correspondingly for (M,g,Q,A). Note that here we need again the Bernal-Sanchez result [BS05] on metric 
splittings of Lorentzian manifolds by time functions (or its refinements [MS11], [Miill5]) as we do not know 
beforehand whether the maximal Cauchy development being a globally hyperbolic manifold is regularly sliced 
(and in general it is not, see [Miill3]). The last statement follows directly from the global existence result in 
[GM14]. □ 

Now, one can ask the question of geodesic completeness or at least Lorentzian maximality of the maximal Cauchy 
development around a solution with vanishing spinor fields, e.g. around the Minkowski solution applying the 
same machinery as for the Klein-Gordon equation or the Maxwell equation as in [LR10] and [Loi06]. 
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